The Purcell effect is defined as the modification of spontaneous decay in the presence of a resonator, and in plasmonics it is usually associated with the large local-field enhancement in "hot spots" due to surface plasmon polaritons. Here we propose a novel strategy for enhancing the Purcell effect through engineering the radiation directivity without a strict requirement of the local field enhancement. Employing this approach, we demonstrate how to enhance the Purcell effect by two orders of magnitude in all-dielectric nanostructures recently suggested as building blocks of low-loss nanophotonics and metamaterials. We support our concept by proof-of-principle microwave experiments with arrays of high-index dielectric resonators.
I. INTRODUCTION
The Purcell effect is known as a modification of the spontaneous emission lifetime of a quantum emitter induced by its interaction with environment [1, 2] . This modification is significant if the environment is a resonator tuned to the emission frequency. Although the Purcell effect was discovered in the context of nuclear magnetic resonance [1] , nowadays it is widely used in many applications, ranging from microcavity light-emitting devices [3] to single-molecule optical microscopy [4, 5] , being also employed for tailoring optical nonlinearities [6] and enhancement of spontaneous emission from quantum cascades [7] . Open nanoscale resonators such as plasmonic nanoantennas can change the spontaneous emission lifetime of a single quantum emitter, that is very useful in microscopy of single NV centers in nanodiamonds [8] , Eu 3+ -doped nanocrystals [9] , plasmon-enhanced optical sensing [2] , and the visualization of biological processes with large molecules [10] .
It is generally believed that high values of the Purcell factor can be achieved in the systems with the strong local-field enhancement associated with the formation of "hot spots" (e.g. in nanoantennas) [2, 11] . Accordingly, in order to achieve high Purcell factor (F ≫ 1) a quantum emitter should be placed in one of such hot spots. This strategy follows from the well-known formula for F [12] ,
where k is the wave number, d is the radiating electric dipole moment of an emitter, and E s (R 0 ) is a scattered electric field at the emitter origin R 0 produced by a resonator or nanoantenna, ε 0 and ε are the dielectric constants of vacuum and surrounding media. The field produced by an emitter is much smaller than the internal field E 0 , with the local field E s compensating the reactive part of E 0 . This implies that a plasmonic nanoantenna generates a hot spot covering the emitter. An increase of the local-field intensity due to the presence of a nanoantenna can be described by the so-called Local-Field Enhancement Factor (LFEF) Σ ≡ |E s + E 0 | 2 /|E 0 | 2 which attains the values of Σ ∼ 10 2 . . . 10 3 [11, 13] . Usually, LFEF is calculated when the plasmonic nanoantenna is excited not by the near field of the emitter but by an external wave at the resonant frequency. Then the same resonant mode is excited in the structure as in the case of spontaneous emission. Though LFEF calculated for this scattering case does not coincide with to LFEF calculated for the case of spontaneous emission, these values are of the same order [2] .
When we replace metallic nanoantennas with dielectric structures [14] [15] [16] , we expect somewhat qualitatively similar physics to apply. Moreover, the recent progress in resonant all-dielectric nanophotonics has opened a door to many important applications of such structures including sensors and nanoantennas [17] , nanowaveguides [18] , Huygens metasurfaces [19] , and metamaterials [14, 15] . However, all-dielectric nanostructures can not provide high values of the local fields even in hot spots [20] , and they are believed to demonstrate much low values of the Purcell factor [21] [22] [23] [24] , thus not supporting efficient interaction of nanostructures with light emitters.
In this paper, we suggest and demonstrate a novel methodology for tailoring the Purcell factor in terms of a local-field enhancement and radiation directivity of radiation, and arrive at somewhat counterintuitive conclusion that large Purcell enhancement can be achieved even in radiating all-dielectric systems without strong local field localization. Using this approach, we predict and demonstrate in the proof-of-principle microwave experiments large values of the Purcell factor in all-dielectric nanostructures near the frequency of the optically-induced magnetic resonant response.
We mention that the opposite examples are more obvious, and large LFEF is not always associated with large Purcell factor of an emitter located at the same point. Intuitively clear example is a huge LFEF in a focal point of optical focusing lens [see Fig. 1(a) ]. The Purcell factor of the emitter located at a focal point is unity due to a large distance from the lens. An example of a weak LFEF but Dipole d2 is an auxiliary. The emitter d1 is located near an arbitrary nanostructure (e.g. nanoantenna). The distance between d1 and d2 is equal R.
with a large Purcell factor is shown in Fig. 1(b) , where the Purcell factor of a dipole orthogonal to a perfect mirror surface is 2 [25] . A thin perfect mirror surface has LFEF= 1 under irradiation by a p-polarized plane wave, but it changes greatly the radiation pattern of an emitter. This example suggests some relation between the Purcell factor and the radiation directivity, that we study below in more detail.
II. ENGINEERING THE PURCELL FACTOR
First, we follow the earlier approach [26] and discuss how to engineer the Purcell effect through the radiation directivity. We consider the geometry shown schematically in Fig. 1(c) , with a plasmonic or dielectric nanoantenna, an emitter with dipole moment d 1 placed near the nanostructure, and also an auxiliary dipole d 2 placed at the distance R from the nanoantenna. The auxiliary dipole is required to use the reciprocity theorem, and the final results do not contain the dipole moment d 2 . Initially, we assume that the dipole d 2 is a emitter and d 1 is a receiver of light. The power absorbed by the dipole d 1 from a radiation field of the dipole d 2 (taking into account a re-scattered field from the nanostructure), can be written as [26] :
where E 2 (0) is the total electric field at a point of the dipole d 1 which includes the field of the dipole d 2 and the re-scattered field from the nanostructure. We denote the unit vectors of the first and second dipoles as e 1 and e 2 , respectively. Then, the dipole moment of the first (second) dipole can be re-written as d 1,2 = α 1,2 (e 1,2 ⊗ e 1,2 ) · E 2,1 , where α 1,2 is a polarizability of the first (second) dipole, ⊗ is a tensor product. Therefore, the expression (2) can be rewritten as
In this case the reciprocity theorem can be represented as [26] :
Then using Eq. (3) one can rewrite Eq. (2) in the following form:
, where E 1 (R) is the field created by the dipole d 1 in the presence of the nanostructure at the point of the dipole d 2 . In this expression, the quantity |e 2 · E 1 (R)| 2 is proportional to the power flow associated with the field polarization along e 2 , which is radiated by a dipole emitter d 1 at the location of the dipole d 2 . Then, the dipole d 2 can be moved to the farfield zone of the radiation (R ≫ λ, λ = 2πc/ω -emission wavelength). In this case the field E 1 (R) is fully transverse. We can introduce the radiation directivity with polarisation along e 2 , as D e = 4π |e 2 · E 1 (R, θ, ϕ)| 2 /P rad , where
dΩ is a total radiated power of the emitter. Introducing this quantity, we arrive at the
2 D e (R, θ, ϕ)P rad , that defines the power absorbing by dipole d 1 located in the vicinity of a nanostructure, as a function of its radiated power P rad and directivity D e (R, θ, ϕ). In the approximation of the dipole moment independence on the presence of nanostructure, the same expression for the dipole d 1 located in a free space can be written as:
The all values with index "0" refer to the free space. The ratio of the obtained expressions with and without nanostructure leads to the following formula:
For our further analysis, the Eq. (4) needs to be reformulated as follows. We will study the radiation pattern of the system only in the plane z = 0 (θ = π/2), and will consider only the cases of parallel orientation of the vectors E 1 and e 2 . Thus we consider the ability of rotation of the polarization plane of the emitted light due to the presence of the nanostructure. We denote the localfield enhancement factor (LFEF) as Σ e . The quantity P rad /P 0 rad is equal to the radiation part of the PF, which we denote as F rad . Radiation part of the PF related to the total Purcell factor (1) through radiation efficiency (η): F rad = ηF . It is well known, the directivity of a dipole in a free space is D 0 (θ, ϕ) = 3/2 sin 2 θ. But in our case θ = π/2, and therefore sin 2 θ = 1. Then, we come to the final expression, which connects the radiation part of a PF with a LFEF (Σ e ) and radiation directivity (D):
Due to the reciprocity theorem, the quantities Σ 2 (ϕ) and D(ϕ) are equally dependent on the angle ϕ, and therefore the value F rad is independent on the directions in space. We emphasize that the Eq. (5) relates the characteristics of the nanoantenna in receiving and transmitting modes (if our arbitrary structure is a nanoantenna).
Thus, the value of the radiation PF can be expressed in terms of the radiation directivity of the system "emitter + nanostructure" in some direction ϕ and the LFEF at the location of the emitter, under irradiation by a plane wave from the same direction (ϕ). The Eq. (5) allows to make some general statements about the PF based on some basic principles of the system symmetry. For example, there are approaches to estimate the value of D(ϕ) even for complex radiating systems [27] . From here it follows that a radiating system has the smallest directivity for a symmetric emitter location. Therefore, for the same Σ the radiation PF is maximal at the emitter locations close to the symmetry axis of a radiating system. In addition to the examples shown in Figs. 1(a) and (b) let us consider a few more. In order to reduce the radiation in same direction, a metal or a dielectric plate can be placed closely to the emitter, or for saving a symmetrytwo mirrors. Thus we come to the quantum emitter in a Fabry-Perot cavity. Talking about the dielectric nanostructures, all-dielectric Yagi-Uda nanoantenna [23] has low both LFEF (Σ e ) and high radiation directivity (more than 10). Therefore, such nanoantennas have a low value of PF. In previous works it was usually associated with low values of the LFEF Σ e .
All of these examples relate to the cases when the radiation pattern change is accompanied by the increase of Σ e . However, radiating systems which have both a small value of Σ e , under irradiation at angle ϕ and a small directivity D(ϕ) of radiation in the same direction are fundamentally possible. Such systems can have a high value of PF, although the LFEF in this point is not strong. One example of such a structure is shown in Fig. 1(b) . This is explained by the presence of so-called dark eigenmodes. Dark eigenmodes of nanostructure are the eigenmodes which can not be excited by a plane wave [28, 29] . When nanostructure is excited by a dipole emitter, these modes are excited very well and contribute to the radiation directivity. As an example, in a recent study [30] , the superdirectivity regime of all-dielectric nanoantennas have been achieved in such a way. Thus, even if the LFEF of nanostructure is not very strong, the high PF can be achieved through the designing of a "special" directivity pattern. For example, when a quadrupole multipole moment a(l,m) (electric or magnetic type) of order (2,0) is excited in the structure, the radiation in a plane of θ = π/2 is suppressed. In this case, such a structure can have infinitely high PF if the LFEF is not equal to zero under irradiation this structure from the same direction. However, actually the set of multipole moments is always excited and value (5) of PF remains finite.
For the magnetic dipole emitter m 1 the expressions (2) and (3) can be written as P ex = ω/2Im [m * 1 · H 2 (0)] and m 1 H 2 (0) = m 2 H 1 (R), respectively. Performing all the same conversions, we arrive at a similar expression (5) for the PF of a magnetic dipole emitter F rad = 3/2(Σ 2 m /D). This expression is similar to Eq. (5) up to replacement of the LFEF Σ e by a local-field enhancement factor of a magnetic field Σ m .
III. LARGE PURCELL EFFECT IN ALL-DIELECTRIC NANOSTRUCTURES
Our challenge is to apply the expression (5) to achieve the high PF in dielectric nanostructures with a strong magnetic response. We want to utilize namely magnetic resonance in such structures. From the above analysis it is clear that such all-dielectric nanostructures should be symmetrical in respect to the emitter location. In such a structure it is necessary to excite preferably a quadrupole eigenmode that does not radiate in its orthogonal plane. Let us consider the simplest system of an all-dielectric dimer consisting of two dielectric nanoparticles with a high refractive index (such as a crystalline silicon Si). For analysis we choose a dielectric material with the dielectric constant of ε = 16. The nanoparticle of this material with radius of r = 70 nm has the magnetic dipole resonance at the frequency 463 THz. The distance between the centers of the nanoparticles is equal to a = 200 nm. We put an electric dipole emitter (e.g. molecule, quantum dot, NV-center in nanodiamond) exactly in the middle between the nanoparticles orthogonally their axial axis (as presented in Fig. 2(a) , insert in the upper right corner). In this case, at the magnetic resonance frequency of the nanoparticles, their magnetic moments oscillate with a phase difference π, i.e. in antiphase. The radiation pattern of this system is a result of electric dipole (source) and magnetic quadrupole (alldielectric dimer nanoantenna) radiation. The radiation directivity in (θ = π/2, ϕ = π/2) direction (red solid curve) is strongly suppressed. The local-field enhancement factor (black dashed curve) under irradiation from the same direction, for this all-dielectric dimer nanoantenna even lower than 1. Therefore, one might expect that the PF is also very low. However, its value reaches 10. In the Fig. 2(b) the Purcell factor of all-dielectric dimer nanoantenna calculated by the formula (5) (red curve) is presented. For comparison, the PF of this dimer nanoantenna obtained by the discrete dipole aproximation (DDA, blue crosses), and calculated through the method of input impedances [31] are presented. The frequency at which the maximum value of the PF of this dimer nanoantenna is observed is close to the frequency of the magnetic resonance of a single nanoparticle.
By increasing the number of particles N by two [see Fig. 3(a) ], we observe a significant increase of PF from 10 (N = 2) up to 120 (N = 14). The PF of this nanoantennas have been calculated using the Green's function approach. The results are presented in the Fig. 3(b) , where the dimensionless frequency ω = ka is used. For example, in the Fig. 3 (c) the PF dependences on the frequency for the case N = 14 for parallel (L-dipole, dashed curve) and perpendicular (T-dipole, solid curve) orientations of the dipole emitter are presented. The maximum value of the PF increases at the frequency 457 THz where each nanoparticle is polarized in antiphase in relation to its neighboring nanoparticles. The radiation of the nanostructure in such a coherent state can be classified as a classical analog of subradiance effect [32, 33] .
First, we discuss an infinite chain. The dispersion properties of an infinite chain with period a = 200 nm consisting of dielectric nanospheres with permittivity ε = 16 and radius r = 70 nm embedded in free space are illustrated by Fig. 3(d) . Here the dipole-dipole interaction model [34] have been used: each sphere is replaced by its electric and magnetic dipoles. The set of eigenmodes consists of four branches: transverse electric (TE), transverse magnetic (TM), longitudinal electric (LE), and longitudinal magnetic (LM). The corresponding dispersion curves ω(q) are shown in Fig. 3(d) , where the dimensionless variables are used: normalized frequency ω = ka/π, where k is the wave vector, and normalized quasi vector q = βa/π, where β is the propagation constant. The leaky branches lying above the "light line" are not shown. The PF spectra for a dipole polarized along (L-dipole) and perpendicular (T-dipole) to the chain axis are shown in Fig. 3(c) fore a case N = 14. One can see that drastic PF enhancement is predicted for T-dipole at the frequency corresponding to TM-mode band edge. Having almost zero group velocity at the band edge the chain modes has divergent density of states due to van Hove singularity in the infinite 1D structure, that may result in ultrahigh Purcell factor [35] . However, high density of states is observed for TM-mode only, and is not observed for L-polarized dipole in the whole spectrum. The decision of this effect lies in the symmetry of the band edge modes. The phase shift between the dipole moments of the neighboring nanoparticles equals to π at the band edge that makes these modes to be sufficiently "dark". The coupling between the dipole emitter and TE-, LE-and LM-modes is suppressed due to the symmetry mismatch. It can be illustrated on the example of T-dipole and TE-mode: the electric fields induced by the oppositely polarized nanoparticles cancel each other in the point of the dipole emitter. Thus, the excitation of TE-mode by T-dipole is principally prohibited that also applies to LE-and LM-modes. However, the TM-mode possesses the required symmetry and the electric fields generated by neighboring nanoparticles compliment each other, thus, the TM-mode is effectively excited. Having high density of states these modes give rise to the Purcell factor. Figure 3(b) shows that this effect relates to collective excitation of dark mode. One can see that Purcell factor rapidly increases with the increase of chain length that is explained by forming mode structure similar to infinite chain when the conception of group velocity starts to be applicable.
IV. EXPERIMENTAL VERIFICATION
Since the fabrication and measurement of nanospheres operating in the optical frequency range is difficult, below we demonstrate the proof-of-concept experiment for the microwave frequency range, similar to earlier studies [18] . We scale up all the dimensions and perform numerical simulations and experimental studies. We use MgO-TiO 2 ceramic disks with permittivity ε = 16 and dielectric loss factor of 1e −3 . In order to confirm experimentally the frequency dependence of the Purcell factor, we measure directly the input impedance of an electrically short wire antenna exciting a chain of ceramic cylinders at microwaves [see Fig. 4(a) ]. We have considered a ceramic chain with the following parameters: the radius of the ceramic cylinder r = 4 mm, the cylinder height H = 4 mm, and the period of the chain a = 5 mm. In such a measurement the Purcell factor is found as a ratio between the radiation resistance Z of the antenna in presence of the structure and the radiation resistance Z 0 of the same antenna situated in free space [31] . The radiation resistance of small dipole antennas characterizes the radiated power, and it is equal to the real part of the radiation resistance measured directly in the feeding point. The ceramic cylinders used in the experiment exhibit their individual magnetic dipole resonances at 8.5 GHz. Therefore, to measure correctly the real part of the input impedance of an electrically short antenna (of the length L ≪ λ) in the broad frequency range, we use a monopole over a metal ground plane [a mirror in Fig. 4(a) ]. Such a setup requires no balanced-to-unbalanced transformer, and it can be measured in a standard way with a single calibrated 50-Ohm coaxial port of vector network analyzer (Rohde&Schwarz ZVB20). However, the heights of the antenna and the cylinders effectively double due to the metal ground plane. The ceramic cylinders are arranged in a chain with a thin perforated polyethylene holder, which does not affect the electromagnetic properties of the structure. The monopole antenna is formed by a 0.5 mm-thick core of the coaxial cable going through a hole in a copper sheet. The monopole height above the ground plane is chosen to be as small as 3 mm to avoid its own resonances in the range from 7 to 11 GHz.
The results of numerical simulations are presented in Fig. 4(b) . We observe a strong increase of the Purcell factor at frequency of 8.6 GHz. In Fig. 4(c) , we present the results of experimental measurements of the Purcell factor. We observe an excellent agreement between the experimental and numerical results. We notice that for a different orientation of the cylinders in the chain (the cylinders axis is oriented along the axis of the chain) we obtain much smaller values of the Purcell factor. This can be explained as follows. Although, the local electric field enhancement Σ e in the considered chain is less the radiation pattern has more suppressed side lobes. Therefore, the geometry of chain shown in Fig. 4(a) provides high values of the Purcell factor, in accordance with Eq.(5).
V. CONCLUSIONS
We have proposed a novel approach for tailoring the Purcell factor by combining the local-field enhancement with radiation directivity. We have predicted that large values of the Purcell factor can be achieved even in radiating systems without large local-field enhancement but having a specific structure of the radiation patterns. Based on this approach, we have shown that in all-dielectric nanostructures the Purcell factor can be increased by two orders of magnitude in comparison with previously reported data. We have confirmed our theoretical predictions by a proof-of-principle microwave experiments with arrays of high-index subwavelength dielectric particles, suggesting similar effect for nanoscale structures due to scalability of the all-dielectric photonics.
